Spectral density in time-dependent perturbation theory
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The spectral density of radiation is defined within the context of the random phase
approximation. This gives an expression for the radiation density in terms of the Fourier
components of the field amplitudes. The result is applied to the case of a molecule in
interaction with light. The approach with Fourier integrals overcomes some difficulties
associated with an approach which uses a summation of discrete waves.

I. INTRODUCTION

In many physical problems one encounters the following
situation: a quantum-mechanical system in interaction with
a classical field. The procedure usually followed is to start
with one wave of a specific frequency and examine the re-
sponse of the system to this perturbation. The field induces
transitions between the eigenstates of the system, and these
transitions are characterized by transition probabilities.
These probabilities do not show a linear dependence on
time, contradicting our daily experience.! When we look
through a colored window, we do not observe a change of
light intensity as a function of time. This observation indi-
cates that the transition probability for the light to be ab-
sorbed by the window has a linear time dependence (that
is to say, the transition probability per unit time is constant).
A monochromatic wave does not exist in real situations, and
the field is built up with waves of different frequencies. The
knowledge of the field is very incomplete, implying that the
field can only be described statistically. Characteristic for
a statistical description is the appearance of correlation
functions. A simplifying and appealing approximation in
the description of random fields is to assume that the am-
plitudes of waves of different frequencies are uncorrelated,
an approximation known as the “random phase approxi-
mation” (RPA).2 Application of the RPA results in inde-
pendent contributions of the different waves to the transi-
tion probability. The summation of these contributions is
replaced by an integration through the introduction of the
spectral density function /(w). The formal definition of the
spectral density function is that /(w) dw is the energy per
unit volume associated with circular frequencies lying in
the range between wand w + dw. If one uses as a repre-
sentation of the field a summation of discrete waves (which
is not a Fourier series), it is hard to obtain an expression for
the spectral density function in terms of the field ampli-
tudes. These amplitudes should be functions of a continuous
variable w, and they are therefore difficult to calculate if
the field consists of discrete waves.? To that end one has to
return to the formal definition of /(w) and introduce the
quasicontinuity of the field variables. It is more elegant and
also more consistent to work with Fourier integrals right
from the start.

It is the purpose of this paper to show that one can derive
the Einstein coefficients in an elegant way if one uses a
rigorous expression for the radiation density. In the fol-
lowing we will introduce the continuous description of the
field. Application of the RPA? allows us to obtain a formula
for the spectral density function in terms of the field am-
plitudes. The result will be applied to the interaction of an
atom (molecule) with an electromagnetic field, leading to
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induced absorption and emission represented by the Ein-
stein coefficients. First of all, we will demonstrate the use
of the RPA in a simple example.

II. RANDOM PHASE APPROXIMATION (RPA):
A SIMPLE EXAMPLE

Suppose ¥(7) is a field which varies with time according

to
Y (1) = Asin(wt + ¢). ()
The correlation function C is defined as
C={(V()¥(+ 71)). 2)

The angular brackets mean that the enclosed quantity
should be ensemble averaged.

Using expression (1) for ¥(¢), and realizing that the
averaging is an average over the phases ¢, the correlation
function C can be calculated to be

C = A%2(sin*(wt + ¢)) cos(wT)
+ (A2/2)(sin(2wt + 2¢)) sin(wr). (3)

One expects that for a large variety of fields, such as light
waves emitted by atoms of a gas or blackbody radiation, the
phases ¢ will be completely random. Adopting the ran-
domness of the phases for our particular example, the av-
eraging process can be performed easily and one obtains

C = (A4%/2) cos(wT). 4)

We note that C depends only on the time difference 7. If we
put 7 equal to zero, we get

C(r=0) = (VX)) = A%/2, (5)

which is a result we expect because C(r = 0) represents the
intensity of the field.

Generalizing our results, we expect that correlation
functions like (¥(z)¥(r + 7)) depend only on the time
difference 7.

IIl. RANDOM PHASE APPROXIMATION
(RPA): SPECTRAL DENSITY FUNCTION

Let F(t) be a field amplitude of a one-dimensional real
field which depends on time (the space dependence will be
neglected®). The Fourier transform of F(¢) is F(w). Con-
sequently, the following relations hold:

F(r) = f_ :‘” F(w) expliot) do (6)
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and
F(w) = (27)~! f_ 7 Ry exp(=iot) dt. (7)

From (6) we note that the condition for F(¢) being real
is

F(w) = F*(~w). (8)
The second-order wave correlation W is defined as
W= (F(w))F(w3)). 9

W can be expressed in terms of the field amplitudes F(z)
with the help of Eq. (7):

W=(4r2)“f£+mdtdr (FUOF( + 7))

X cxp[—iwlt —iw(t + T)] (10)

Using the RPA result that (F(¢)F(¢ + 7)) depends only
on 7, the integration over ¢ in Eq. (10) can be carried out,
giving
W= (27)"16(w; + wy)

Xj:+m(F(t)F(t+T))cxp(—iwzf) dr (1)

= 8w + w)l(wy). (12)

In the derivation of Eq. (11) the é-function representa-
tion

e
5(w) = (2m)-! f dt exp(—icwt) (13)
is used.

The integral I(w), defined in Eq. (12), is the spectral
density function. This can be seen as follows: /(w) is pro-
portional to the Fourier transform of (F(¢)F(tr + 7)). The
inverse relation of the definition of /(w) reads

+oo
(FOYF(t + 7)) = j: 1) explior) . (14)

From this equation one gets, after setting r equal to zero,

#20) = [ 1) de. (15)

Equation (15) has a clear physical interpretation. (F2(z))
is equal to the energy of the field (apart from a possible
constant factor). In the right-hand side of Eq. (15) the
contributions to the total energy of the different frequencies
are integrated, which shows that /(w) dw is equal to the
energy in the interval between w and w + dw or I'(w) is the
spectral density function. From Eq. (12) we have

Hw))8(w) + w3) = (F(w))F(w2)),

which is to be considered as the definition of /{w).

The & function in Eq. (16) is a manifestation of the RPA.
In our discussion we allowed w to be negative, implying that
energy of the field will be found in that frequency range. If
we want to use the spectral density function irrespective of
the sign of w, we have to divide by 2 because

I() = I(=w) = (1/DI(|e]). (17)

Equation (16) has been derived for a one-dimensional field,
and evidently we need an extension to three dimensions.
Suppose we have a three-dimensional vector field F(z) with

(16)
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components F,(t), F,(t), and F.(r). The correlation
functions we are interested in are

(Fr()Fi (1 + 7)), (18)

An additional approximation to the RPA which will be
introduced is the assumption that the field will be isotropic.
Any rotation of coordinate axes should leave (18) invariant.
As a consequence of the isotropy, we find that

(Fr(O)F(t+ 1)) = (Fy(t)Fy(t + 7))

=(F:(OF.(t+ 7)), (19)
and in addition we see that all other components like
{(Fy(t)F,(t + 7)) will vanish because they are not invariant

under rotation of axes.
The obvious extension of Eq. (16) is now

(1/3)(w))d(w) + w2)dxs = (Fr(w))Fi(wy)),
k., l=x,y, orz.

k,I=x,y, orz.

(20)

Equations (16) and (20) are equations which give the
spectral density in terms of the field amplitudes.

IV. APPLICATION

We will demonstrate the application of Eq. (20) to a
molecule in interaction with an electromagnetic field. The
energy density (= energy per volume) U can be written as
a function of the electric field® E:

U= (4n)"1(E?). 210

The spectral density function p(w) (conventional notation),
the radiation density, is then given by

(Ex(w)E(w2)) = (4 /3)p(w)o(wy + w2)ds s (22)

To calculate the influence of the field on the molecular
system, the variation-of-the-constants method is used. The
wave functions of the molecule perturbed by the electro-
magnetic field will be developed in the unperturbed set
1, 0%

v, = ; Cy ¥, 0. (23)
If initially only the state ¥,,% was occupied, the product
(C,C,*) will give the transition probability of the transition
¥,,0 — ¥,0 After substitution of expression (23) in the
time-dependent Schrdédinger equation, one obtains the
following differential equation for the coefficients’” C,,:

dC, _ @mm
dt ch J-=

4w
Kmn

(24)

where the vector potential of the electromagnetic field has
been written in its Fourier representation. In Eq. (24) w,,,
is the energy difference between ¥,,% and ¥,,% in circular-
frequency units and g, in the transition dipole moment
associated with the transition ¥,,° — ¥, 9, Integration of
Eq. (24) with respect to time yields '

*A(w) CXP[i(w - wnm)t] dw,

_ @am
Cn -

ch

For typographical reasons we have introduced the function
f(w,1) defined by

f(w,t) = CXp[i(w _ wnm)t] - l.

i(w - wnm)

T A @D e (25)

(26)
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The probability that the molecule will be in the state ¥,,°
at time ¢ will be given by the statistical average of

CCp*:
2 +
Wam =~
w22 f dw, dwy

X (o * A(@1) ™ * A(_wZ))f(wl»t)f*(wl»t)- (27)

There remains the problem of finding the relation be-
tween E(w) and A(w). Employing E = (—1/¢)dA/at, we
find?®

(CCy*) =

E(w) = —i(w/c)A(w). (28)
When Eq. (28) is substituted in Eq. (27), using Eq. (22),
we arrive at

AT wpm Nmn
e f f dor des
5 PL@1)0(w1 = w)f(w1.0)f*(@,1)
Wi )
Using the definition of the & function, the double integral
is transformed into a single one (RPA!):

(C,Cy*) =

(29)

4 Wony “Kmn

Amemon” (™ 1o, pan)
sin2[(wy = wpm)t/2]
w2[(w) = wpm)/2]%

(GiCy*) =

(30)

The time-dependent function
sinZ[(w) — wpm )t /2]
[(wl - wnm)/z]
is strongly peaked around @, = wu,. We expeét that
plw)/w? is a slowly varying function in the neighborhood
of w| = wp,. For sufficiently long times® we can replace

p(w1)/ w2 bY p(wpn )/wnm % because the contribution of w)
~ wy,, is strongly dominant to the integral of Eq. (30):

87v"p(“’nm Ykrmn 2t
3h2

+osin?[(w = W) /2] /0 — Wum
d( ) I
j:m [(w =~ wpm)t/2]? 2 GD
The integral in Eq. (31) is standard and equal to =, so
that

(CyCp*) = 81rzum,,2p(w,,m)t/3h2
= (47r2/3h2)l~"mn2p(|wnm)t

= (27/38 ) wmnp(fram )1, (32)

The transition probability for the transition ¥,,% — ¥,°
is proportional to the exposure time. With some minor
changes of notation we could use the same calculation for
the transition ¥,% — ¥,,9 and we would have gotten the
same result. In general, this means that the induced tran-
sition probability per unit time for the transition ¥ ° — ¥,0
is equal to

Qx/30)ur2p(|vi|) = Brap(|vic].

where the By, are the Einstein coefficients for induced ab-
sorption and emission.

In many, more conventional derivations of the Einstein
coefficients an extra approximation is made.!? The field is

(C,Cu*) =

(33)
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described as a monochromatic wave, and one finds that

expli(wpm — w)t] = 1
Wy — @

Cp =

expli(wpm + w)t] — 1
Wy t W

+ . (34)
and one argues that the second nonresonance term can be
neglected when @ = w,,,. This argument is wrong because
afterwards the frequency is integrated from — to +, and
neglecting the second term when w ~ —w,,, seems difficult
to justify. The truth is that none of the terms can be ne-
glected. Both terms give an equal contribution to the ab-
sorption if wpy is positive and to the emission if wp, is
negative. Interference of the two terms of Eq. (34) when
calculating (C,C,*) does not occur because of the RPA.
Combination of Eqgs. (8) and (16) shows that the Fourier
component of the field with frequency w is statistically in-
dependent of the complex conjugate of the Fourier com-
ponent with frequency —w.

The advantage of the derivation given here of the Einstein
coefficients is that we know precisely what is meant by the
RPA. The radiation density can be given in terms of the
Fourier components of the field amplitudes, an expression
which cannot be obtained if one uses as a description of the
field a summation of discrete waves. In addition, it has been
proved here that the separation in resonance and nonreso-
nance terms is unnecessary and false if the light is chaot-
ic.
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