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The energies and wavefunctions of a p** configuration under the influence of a crystal field
possessing axial symmetry are calculated. If the crystal field parameter A is smaller than, or of the
order of, the Slater~Condon parameter F,, the 3P wavefunctions have the lowest energies. In that
case one finds, depending on the sign of A, that either an orbital doublet or an orbital singlet has
the lowest energy. For the latter, the fine structure parameters, the g values, and the hyperfine
parameters are calculated. Using an irreducible tensor formalism, it is shown that the results for p**
can be used to find the interactions within dr2-#. Tetragonal as well as trigonal symmetry are treated
and it is found that the hyperfine interactions differ substantially for both cases. Finally, the
interactions within *F(d?) under the influence of a crystal field possessing tetragonal symmetry are

treated.

I. INTRODUCTION

Crystal field theory and its more extended form,
ligand field theory, can explain many spectroscopic
properties of a variety of complexes. In the course of
the theoretical developments, two approaches emerged—
the weak field coupling scheme and the strong field cou-
pling scheme.

The weak field approach is appealing since it permits
the use of simple operator equivalents and so reduces
the labor involved in calculating the necessary matrix
elements. The classic paper of Abragam and Pryce!
is still a good illustration of the power of the weak field
theory.

For many transition ions, however, the strong field
coupling scheme gives better results. The theory can
easily be extended to include chemical bonding, but the
drawback is that one is not permitted to use the simple
operator equivalents (functions of L and 8).

It is the purpose of this paper to show that it is still
possible to use the simple operator equivalents for de3*
if one takes advantage of the? p"—d#} isomorphism. That
is to say, the interactions within p2'4 configurations are
calculated and the results are used to calculate the mag-
netic parameters for the d#3** configurations. The p?*
configurations themselves are also very interesting
since complexes have already been found which can be
described as® p?, and more data on p" systems can be
expected.

The *F(4?) term has been treated by Abragam and
Prycel; however, their results only apply to crystal
fields having trigonal symmetry. The interactions which
depend on bilinear combinations of L (e.g., L,Ly+LyL,)
should differ for trigonal and tetragonal symmetry,
since the classification of the states as eigenstates of
the fictitious orbital momentum 1 is not enough to calcu-
late the necessary matrix elements.*

Some numerical solutions of df; systems in axialfields
and crystal fields of lower symmetry have been re-
ported recently by Oosterhuis and Lang.® Our solutions
are analytical and are thus preferable. However, there
are also some discrepancies with their work and they
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will be discussed.

Il. p?+* AND dtZ-* IN CRYSTAL FIELDS OF AXIAL
SYMMETRY.

In order to treat a crystal field of tetragonal symme-
try, we have to know the different irreducible compo-
nents of a tetragonal field. The irreducible components
of the cubic group which span the unit representation of
D, are® E® and Aja,. The A,;a; component displaces
only the center of gravity of T, or T, states, but does
not alter the relative energies; therefore, we neglect it.
The crystal field operator, which is a one-electron
operator, can then be written as

cE=3" ki), ’ (1)

in which the summation is over the valence electrons.
The complex p orbitals {p;, pg, p.1), Which form a basis
for T,, diagonalize the CZ matrix because®

T, T, E ,

(ps|C8|pp= —R<‘1)“’(—2 ; e)’ 1,j=0,£1,  (2)
in which R is a reduced matrix element independent of
iand j. V is a Clebsch—Gordan coefficient of the cubic
group in the complex tetragonal system. V=43 when
i=j=+1, V=%/3 when {=;j=0, and V=0 otherwise. The
splitting of the p orbitals is E(p,;) ~ E(po)=$/3R=2.

From the atomic p? configuration, three terms can be
built: 3P, 'S, and 'D. To obtain the energies and wave-
functions under the influence of the crystal field, we
diagonalize the matrix of 3;CE(;) + 3;;(€%/7;;) within the
terms. In Table I, the result is given in terms of the
crystal field splitting A and the Slater-Condon param-
eters F, and F, (the same was done for a crystal field
of low symmetry in Ref. 3), and the result is plotted in
Fig. 1.

If we consider the p* configuration as two holes® in
the p shell, we can use the results of the p? configura-
tion. C% is an operator that is invariant under Kra-
mers’s star operator (“time even”). This means that
all off -diagonal elements change sign on going from P2
to p*. The diagonal elements also change sign on going
from p? to p* apart from a constant diagonal energy
common to all states. It can be shown that the two-
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TABLE 1. Matrix elements of 2 ¢ ;(e?/
74;) (Column a) and % C5 () (Column b)
within a p? configuration.

(a) ()]
| (E€)iByb,) Fy+Fy 3a
| (175,)!B2by) Fy+F, %a
1 (T, o29) Ey, Fo+Fy YN
| CT i)’ Asay) Fy—5F; 3a
| CT 15 s,y Fy-5F, -34
| (E0)'41ay) Fy+Fy -3a
| (1A1a1)1A1a1) Fy+10F, 0

aThe only off-diagonal matrix element is
((E6Y A4ay15¢| (Aja) Asar) =3 VZA.

electron operator 3,.,(e?/7,;) has identical matrices
within p? and p*, apart from an added constant in the
diagonal elements, which does not alter the relative
energies. We conclude that the results for p® are car-
ried over to p* just by replacing A by —A, This means
that the plot for p® (Fig. 1) should be mirrored with re-
spect to the E/F, axis.

Adopting the following notations for the d¢, orbitals,
|dt2, 1>= ]2, ‘1>~ |1: 1)

1
[dt2:0)=ﬁ(|2,2>'|2:—2>)~I170> (3)

(dtz,—1>=_|2’1>~|1:_1>)

and letting them correspond to the p orbitals as indicat-
ed, it can be shown that the wavefunctions of the ds}
configurations in cubic symmetry correspond to the p*
configurations in spherical (or cubic) symmetry.2 This
isomorphism has already been used’ by applying the
well-known results for the p" atoms to the dtf systems.
The close relationship between 4t and p” is recognized
on inspecting the V coefficients of the cubic group. We
notice that

I, T, T T, T, T
v 141 = ( 2 L2 )
(a bMp) v a er . (4)
This means that every irreducible tensor operator has
matrix elements within a 7, triplet which are propor-
tional to the matrix elements within a T, triplet. A well-
known example is the orbital angular momentum opera-

tor 1, having a proportionality constant of —1 when p
orbitals are compared with d¢, orbitals.

A way of calculating matrix elements of a one-elec-
tron operator within d¢, states is to first calculate the
proportionality constant of the operator on going from
dtt* to p** and to calculate the matrix elements within
$%'* next, which is often much easier than direct calcula-
tion, as will be shown in the next section.

The plot of Fig. 1 also applies to d¢2** in tetragonal
symmetry, provided we associate Fy with A +3C and F,
with B+3C (4, B, and C are Racah parameters).?

The case of trigonal symmetry is easily included. As
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a starting point for p%*, we take the complex orbitals
quantized along a trigonal axis.® The same results are
obtained as in the case of a tetragonal crystal field,
apart from a change in some symmetry labels. If we
take as a starting point for d+* the trigonal di, orbitals®

— |dty, £1)=V1/3|2, £1)+y2/3|2, #2) ,

ldtz, 0>= |2: 0> H

then the same results are again obtained.

(5)

Itl. MAGNETIC INTERACTIONS AND QUADRUPOLE
COUPLING.

We will discuss the interactions in the spin triplet
orbital singlet ground state of p*** and d¢2'*, and we will
assume that the 3P term is isolated well enough from
other terms that only the nine wavefunctions built from
this orbital triplet have to be considered (cf. Fig. 1).
The interactions that will be considered are spin-orbit
coupling, hyperfine interaction (including the isotropic,
the dipole—dipole, and the electron orbit—nuclear spin
interaction), quadrupole interaction, and coupling with
an external magnetic field. The dipole-dipole inter-
action and the quadrupole interaction are the most diffi-
cult. We will start with them.

Both interactions are closely related to the quantity
W defined by®
5
W= V,(A,A)V,(B,C) . (6)
k=l
A is a spatial operator (orbital angular momentum in
our case), and B and C are spin operators. The defini-
tion of V, is (in the complex tetragonal system)

Vi(a,B)=-y2(axB)E ,
Vo(a, B)= - y2(axB) , )
Vs,45(@,B)= ~y2(axB){% _, .

The quantity W, a scalar, remains unchanged by an or-
thogonal transformation. A transformation to the tri-
gonal system will be considered at the end of this sec-
tion.

| L VLA IR

T

m
»
=<

I
L g\“’

L

FIG. 1. The energy levels of pz under the influence of a crystal
field having tetragonal symmetry as function of reduced vari-
ables relative to the °E, , states.
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The hyperfine dipole-dipole coupling written in this
way yields?

HI,IIJ‘ = %gegbl BeBNZ 7;52 Vk(rx’ r)_) Vk(SM I) . (8)
3 k
The summation ) is over the electrons.
equivalent to this operator is 2

An operator

HY=- P2V, (1, L) V,E, D ; (9)
AR
n=2 for p electrons and & for d electrons, and P
=gng.PuB, {r"®. If all states that are considered belong
to one ?*!'L term, a considerable simplification of Eq.
(9) is obtained, since the following operator equivalent
can be used:

~1n'PY VL, L) V,6,1) ; : (10)

7' =% for the ground term *P(p?). For df5**, this re-
placement is not justified. The use of an operator
equivalent simpler than Eq. (9) will be demonstrated:
The (p?+*;*P) functions are denoted by [m,, mg, my)
and the corresponding dtg * states are denoted by

|71y, mg, mp. The following matrix element is perti-
nent:

%1’ Mg, ml} Z Vk(lm 1).) Vk(sm I Iﬁl{: Mg, m;>
Ak
= 0(m1’ m{, Mmg, m’s, mp, m;)

=z <ﬁ’l1, Mg, mI’Vk(]‘M 11)!77115 Mmg, m,)

AR
Gniy ms, my| Vo8, D) |, m&, m}) . (11)

As the application to the ground term of p%*, d2** was
already in mind, a sum over |#, mg,m;) states has

not been included. Since only spin functions are involved,
(], ms, m V8, D)mf, m§, m}) can be replaced by
(mi,ms, m| V8, ) m{, ms,m}), and since the V,’s
are irreducible tensor operators [cf. Eq. (4)],

@y, mg,m 1Vl 1,) 1901y, mg, m;) can be replaced by
amy, mg, mp|Vy(l,, 1, Imi, mg, m;), for which a,=- 3for
k=1,2, a,=+3 for £=3,4, 5 (tetragonal symmetry).®

As a final result, we have
4 ’ 4
Omy, mi,ms, ms, m,mj)

=Z{ak <mla ms,mpl Vk(ln 1))""{: Mg, ml)
ALk

X(ml',ms,mllVk(sx,l)lm{,mé,mp} . (12)

However, the rhs of Eq. (12) can be replaced by oper-
ators of the total angular momentum, since now only

IV. p?* IN TETRAGONAL SYMMETRY.

8p states are involved:

Olmy, mi,ms, mb, my, m})
1
= ‘52{%(%, ms,m |V, (L, L) [mi,ms, m;)
k

X (miy ms, my| V8, 1) |mi, ms, m)} (13)
which is the desired resuit.
For the diz*, Eq. (13) means
(ﬁ1,ms:mllH:f|7h{,m§:m;>
=15 POUny, mi, ms,m& ,myp,m}) . (14)

The quadrupole interaction can be written as?

Ho=31g'2_ Vy(1,, 1) V@ D), (15)
Ak
with
2 -3

r€g\TY )

7 Zar2r-1)
and where ¢ is the nuclear quadrupole moment. Within
241, this can be replaced by

i’ Y VL, L)v,AT) . (16)
Rk

7’'=x 257’ for a ground term of /". The negative sign
applies if the shell is more than half filled.

A reasoning analogous to the one that led to Eq. (14)
gives '

(g, mg,my|Hg |, ms, m})

= -%CI'Z ak<m1’ Mgy mll Vi (L, L)Vk(l’ I lm{’ ms,my)
* )

which again connects the matrix elements of d/3* with
s,

In the case of trigonal symmetry, we have to use the
V coefficient in a trigonal system, and we choose the
complex trigonal system. The remaining interactions
are simpler. The isotropic hyperfine interaction is in-
cluded as - kS*I. On going from p** to df2**, L should
be replaced by - L, irrespective of the type of axial
crystal field.

The framework is now complete; within (°P, p%) the
spin-orbit coupling and crystal field are diagonalized,
and then the interactions like hyperfine interactions are
calculated for the ground state and, if possible, the
result is fitted into a spin Hamiltonian with 8’'=1,

We use as basis |m,, m,) and an additional quantum number! m = 1,+s, (the nuclear spin state indication will be

dropped).

The results for p® are

m=x2: E=-358+x ¥=|1,1)¥=|-1, -1)
¥;=a|0,1)+5]1,0)

¥,=5(0,1) -q|1,0)

m=x1: E=}A+1S,
E=}a-38,
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and similar functions ¥; and ¥, with m=~1
1

‘I’7=jz(|1’ -1>-|

W= cIO 0)+<

m=0: E=—-348 -2
=%A-%K+§so
E=}A -3 - 35

in which
S, =(a%+4)%)/2

1/ A\ !/2
=g+ 5)}
LA
c= 2( o
The results are plotted in Fig. 2. If A<0, we have,

irrespective of the relative magnitude of ), the following
ground state triplet:

¥,,=b[0, 1) -a|+1,0)

So=(A%+ 204 +9)2)1/2

b=+{l -a*}#

d=+{1 -2,

wo=d[o,0>-jj§(|1,—1>+|-1,1>). (19)
Griffith defined a “Kramers triplet” in the following
way?: Three functions ¥,, ¥,, and ¥, form a Kramers

triplet if the following relation. holds:

L4 =Z a5 %y,
j=a
This relation holds for our ground triplet since ¥ =¥,
and ¥f=~¥_;. For a Kramers triplet, it can be proved
that all interactions already mentioned, except the
quadrupole interaction, can be fitted into a spin Hamil -
tonian with §’ =1:

i,j=a,b, orc . (20)

3 =8y PHS, + 38, B,(H'S™+ HS") + D[S; -3 S(S+1)] +
+AS L +5A)S T +ST )+ gyBH T, (21)
with the following spin-Hamiltonian parameters:
2
D=fa+48 -5~ -%

A
2

A
g,:geb2+azz2—z-z s

| | l 1 1. I 1 | DU 1 1 l 1 —
-5 —_— 5 m=t2
Et_.l—__/ A mz=#1
m=0 I A
m=0 =0
-5L
FIG. 2. The energy levels of 3P(pz) under the influence of an

axial symmetric crystal field and the spin—orbit coupling rela-
tive to the m=4+2 states. Again, reduced variables are used.

_1:1>)

(|1 -1)+]-1,1))

¥y=4|0,0) '72”1’ -1)+]-1,1))

(18)
f
- bC ZA xz
g;—gebd+%ac —\—/—_5 _ad~2+A X,
2 A\ 34 72
T=—§b2—xb2—§ab+a2:-%_K(l_Zz_>+§_A_+§Kz_
A

P 1042°%¢

1 , ( 1)\) 17 1;\
z‘/-zac ad~z -l - 288t oa*5a2 (22)

=Lpd - kbd —j—"i—ac

Also, the perturbation limits are given (|)/A| «< 1) to
second order. If the nucleus has a quadrupole moment,
this gives a complication. The expectation value of
3L% - L(L +1) should be the same for the three states.
This is only true if A/A< 1 and, in that case, theinter-
actmn can be included by adding to Eq. (21) the term
Q12 SI(I+ 1)] with

3¢%g (r™%)

Q= 51(21 1 -

(23)
As was discussed in Sec. III, the interactions within

p* can easily be found from the results of p2. We have
to make the following changes:

Aw-A,
Y (24)
The new coefficients a’,5’,¢’, and 4’ are
1 a\1/?
a'={§ (1_§T>} ’ b'=~(1-a?)?,
(25)

1 A+ \L72
r_ - _ L _paf2\/2
c {2(1 So)} , d (1 -/,
For an orbital singlet to lie lowest, 4 should now be
positive. The diagram of Fig. 2 should be mirrored
with respect to the A/) axis.

The results for the ground triplet can be fitted with
the spin Hamiltonian of Eq. (21) with the following
parameters:

A2
D=—-%h+%30—%slw~A— ,
26
Q__3ele(7"s> (26)
T s[(2I-1) °

The other parameters are obtained from Eq. (22) by
replacing a,b, ¢, and d by a’, b’, ¢/, and d’, respective-
ly. The perturbation limits remain the same.
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V. dt?* IN TETRAGONAL SYMMETRY.

With the help of the formulas derived in Sec. III we
calculate the spin-Hamiltonian parameters. The rea-
son we retained g, instead of 2 in the preceding section
is that terms that originate from S can easily be traced
now.

The eigenvalues of Eq. (18) are valid for d¢% provided
we replace A—— A, This is only a formal replacement
because the one-electron spin-orbif parameters are
different: ¢,#{,. The plot of Fig. 2 is valid provided
we mirror twice—with respect to the E/x axis and with
respect to the A/ axis. If A<0, a Kramers triplet
forms the ground state and the same effective Hamil-
tonian as expressed by Eq. (21) can be used with

2 N
g1=ge/36+§-2€L ay+5% +adb~ 2+ — ATl

Ay, A,, and @ are calculated with the help of Egs. (14)
and (17):

2
Ar . jp2_gpa- ot - usinh 22 2%, (1 -Lz) ,

7 ﬁy+a6-xﬁb—%
(27)

a,B,v,6, and S} are to be obtained from o', v’, ¢’, d’,
and S,, respectively, by replacing & by - 4.

For df}, Egs. (18) are valid provided we change 4 in
~A. The plot of Fig. 2 should be mirrored with re-
spect to the A/x axis. If A >0, an orbital singlet-spin
triplet lies lowest, and again the $'=1 spin Hamiltonian
can be used.

The coefficients are a’, 8,y’, and 8’ and are to be ob-
tained from a, b, ¢, and d, respectively, by replacing &
by —4;

D=-§-)\+%Sé—%slz>—‘5 ) (28)

@ changes sign as compared to df, and the other
parameters are found by attaching a prime to coefficients
in Eqs. (27)

VI. p%* AND dt?-* IN TRIGONAL SYMMETRY

The p orbitals quantized along a tetragonal axis have
the same functional dependence on x, y, and z as the p
orbitals quantized along a trigonal axis on p, ¢, and 7.
This means that the results for p® * in trigonal and

tetragonal symmetry should be indistinguishable. How-

, and d? configurations

ever, this is not true for d¢3'*, so we still have to cal-
culate the interactions for p?-* in trigonal symmetry and
then use Eqs. (14) and (17).

The energy levels of dfi* are the same in either te-
tragonal or trigonal symmetry. However, the hyper-
fine parameters differ substantially. For 4, if 4 <0,
the ground triplet can be described by the $'=1 spin
Hamiltonian with D, g, and g, the same as in the te-
tragonal case, but

A gge 2 115y N
i G At A e U
A1 15 1 Kary

p TR g ot wB6 -3

(29)

Q(trigonal) = - @(tetragonal) .

The hyperfine interaction changes sign compared to the
tetragonal case.

For di} in trigonal symmetry, we again have D, & and
g, being the same as in the tetragonal case and that @
changing sign. The hyperfine parameters can be ob-
tained by replacing a, B,y, and 6 by o', 8/,y’, and &,
respectively, in Eq. (29).

VIL. {d?%; ®F) IN TETRAGONAL SYMMETRY.

The tetragonal crystal fields splits 3F into a singlet
(*4,) and two triplets (*T, and 3T;). I B, is negative,
3T, lies lowest. The groundstates are'

- !30)2 |6> ,

(30)
VI3, £1)+ VS

[#3)=]%1) .

The three states can be described as eigenfunctions
of the fictitious orbital momentum I I=1) 'with orbital
Landé factor @=~3. The effect of C5 and arl - Sis to
split the ninefold level in three m =0 states, in two

=+ 1 doublets, and in an s =1 2 doublet. The eigen-
values are the same in tetragonal and trigonal symme-
try and have been reported in Ref. 1. However, the ex-
pressions for the hyperfine interactions differ sub-
stantially. If A is negative, we have a ground triplet
that can be described with a $'=1 spin Hamiltonian with
the following parameters:

P =gB ~FAB-3A% - xﬁzé—%ﬁ—%—gg—x(l—%%:‘),

%:—ﬁBD—z—SlﬁAC 140J.2BC+3AD K(BD+%)
“-di ks o)

o-fetlrs), (31)

B=-(1-4%)/2
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34 372
N

' (A2+97t2)1 /2, 1r_ (Az - 37&A+§417\2)1/2 .

VIil. MISCELLANEOUS

The electron spin—electron spin interaction was ne-
glected in the preceding sections. The reason is that it
is known that only in cases where the symmetry deviates
very strongly from cubic or tetrahedral symmetry the
contribution of the spin-spin interaction to, e.g., the
zero field splitting cannot be neglected. This is at
least true for d"(or df) states. It is not known for p”,
and we will investigate it. The spin-spin splitting can
be presented within 25*'L by the equivalent Hamiltonian

H,=-1%p Z VL, L)V,5,8) . (32)
B=1

For the 3P(p%*) state, this means a zero field splitting
of £p; p is connected with the following integral:

,L z»(l)p(l)drlf,1 73 p(_Z)p(z) dra=d

J was evaluated by Kayama and Bourd!! for C,N, O, S,
and Se and was always at least two orders of magnitude
smaller than the spin—orbit coupling parameter. Only
in extreme axial fields should this contribution also be
considered.

The extension to more adjustable parameters can
readily'be done within this framework—for instance, by
introduction of orbital Landé parameters and holding
«, as a parameter.

Relevant to our calculations is the work of Qosterhuis
and Lang.® They numerically calculated the parameters
for Fe* low spin. Their approach is somewhat differ-
ent from ours because they also include the Zeeman
interaction in the zeroth order Hamiltonian. This is
only necessary for high magnetic fields and/or very
small axial splittings. This interaction can be included
in our framework with the help of simple perturbation
theory because only one state not belonging to the ground
triplet is important.

Oosterhuis and Lang® also derived perturbation for-

, and d? configurations 5059

mulas that can be compared with our expansions to sec-
ond order in /A, However, their results do not wholly
agree with ours. This is largely caused by the fact that
Oosterhuis and Lang did not renormalize their wavefunc-
tions. This is absolutely necessary because the correc-
tions are of order 3%/A% which is the order one still
wants to represent correctly. In our results, this prob-
lem does not arise because the exact results were ex-
panded in )/A.

IX. CONCLUSION

The interactions in the magnetic ground state of pz"
and d£'* in crystal fields possessing axial symmetry
have been calculated.

The p"-dt} isomorphism has been used to derive, in
a straightforward and convenient way, the results of
dif from the results of p".

For completeness, the results for (¢%; ®F) intetragonal
symmetry have also been given.
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